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Abstract In this note, we consider the optimality criteria of multi-objective
programming problems without constraint qualifications involving generalized con-
vexity. Under the E-pseudoconvexity assumptions, the unified necessary and suffi-
cient optimality conditions are established for weakly efficient and efficient solutions,
respectively, in multi-objective programming problems.
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1 Introduction

Convexity and its various generalizations played a dominant role in multi-objective
programming problems. In the past decades years, attempts have been made to weaken
the convexity hypotheses and thus to explore the extent of optimality conditions and
duality applicability. A significant generalization of convex functions is E convex
functions, introduced by Youness [9]. This kind of generalized convexity is based
on the effect of an operator on the sets and domain of definition of functions. The
initial results of Youness [9] inspired a great deal of subsequent work which has
greatly expanded the role of E-convexity in optimization theory. Especially, much
attention has been paid on extending the notion of E-convexity to the new classes
of generalized E-convex functions and studied their properties. For example: semi-
E-convex [1], semi strong E-convex [13,14], E-quasiconvex [15], E-pseduoconvex
[5], E-B-vex [9] and E-preinvex [4], etc.
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Recently, in literatures [14] and [16], Youness investigated the characterization of
efficient solutions for multi-objective programming problems involving E-convexity
and semi strong E-convexity, respectively. In an earlier paper [17], we established
the saddle points theorems and Lagrange dual theorems for multi-objective program-
ming problems involving E-convexity. In this work, we shall propose the unified
necessary and sufficient optimality conditions for weakly efficient and efficient solu-
tions, respectively, in multi-objective programming problems under the assumptions of
E-pseudoconvex functions. It is worth noticing that our results need not any constraint
qualifications. This paper is divided into three sections. Section 2 includes prelimi-
naries and related concepts which will be used in later sections. Section 3 is devoted
to establish the unified necessary and sufficient optimality conditions.

2 Preliminaries

Let R" be the n-dimensional Euclidean space and R' be the set of all real numbers.
Throughout this paper, the following convention for vectors in R” will be followed:

X<y ifandonlyif x; <y;,i=1,2,...,n,
xZy ifandonlyif x; <y, i=1,2,...,n,
x<y ifandonlyif x; <y;,i=1,2,...,n, butx #y,

x £y isthe negation of x < y.

Now, let us recall the concepts of E-convex sets, E-convex functions and
E-pseudoconvex functions, for more details, see [1-15].

Definition 2.1 A set X C R" is said to be E-convex if there is a mapping
E:R" — R" such that

AEG) + (1 —MEG) € X

forall x,y € X and A € [0, 1].

It has been pointed outin Ref. [9] thatifaset X C R" is E-convex, then E(X) C X;
If E(X) is a convex set and E(X) C X, then X is E-convex.

Definition 2.2 Let X C R” be a E-convex set. A real-valued function f : X — R!
is said to be E-convex if

FOE@) + 1 =ME®Y) = Af(E@) + (1 =21 f(ED),

forall x,y € X and A € [0, 1].

Definition 2.3 Let f : R" :— R!,E : R" — R" are differentiable in an open
E-convex set X C R". f is said to be a E-quasiconvex function if

FOE@) + (1 —=ME() = max{f(Ex)), f(E()},
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forall x, y € X and A € [0, 1]; and strictly E-quasiconvex if strict inequality holds
forallx,y € X, E(x) # E(y)and A € (0, 1).

Remark 2.1 It has been pointed out in Ref. [13] that any strictly E-quasiconvex func-
tion is E-quasiconvex.

Definition 2.4 Let f : R" :— R',E : R" — R" are differentiable in an open
E-convex set X C R". f is said to be a E-pseudoconvex if

VAEO) (E@) —E) Z0= f(EM) Z f(E(Y),Vx,yeX.

Example 2.1 Let E(x) = |x| and

I—-/1—-(x-=-12, 1<x<2

fx) =10, —1l<x<l1

I—/1—-(x+12, —2<x=-1

Then, f is a E-pseudoconvex function on the interval (—2,2). In fact, f is also a
E-quasiconvex function.

It is obviously that E-convex functions are E-pseudoconvex. But, the reverse is not
correct.

Example 2.2 Assume that f(x) = cosx, x € [0, 2], and

X, 0<x<nm

E@x) = x—m, 1w <xZ<2nw

Then f is E-pseudoconvex on the interval [0, 27]. However, f is not E-convex on
the interval [0, 7 ].

The following Lemma 2.1 shows that the E-pseudoconvex functions must be
E-quasiconvex, and this fact will be used in the sequel.

Lemma2.1 Let f : R" :— R',E : R" — R" are differentiable in an open
E-convex set X C R". If f is E-pseudoconvex then f is strictly E-quasiconvex and
E-quasiconvex.

Proof Assuming that f is not strictly E-quasiconvex on X, then there exist
x,ye€ X, f(E(x)) < f(E(y)) and A € (0, 1) such that

FOEX) + (1 =MNE®WY) = f(E®Y) > f(EX)). 2.1
Let E(u) = LE(x) + (1 — L) E(y). It follows from the E-pseudoconvexity of f that

Vf(E)" (E(x) — E(u)) < 0.
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Since E(x) — E(u) = —%(E(y) — E(u)), we get

Vf(E@)"(E(y) = E@w)) > 0.
By the E-pseudoconvexity of f again, we have
FEM) = fE@)).

Hence, it yields from (2.1) that f(E(y)) = f(E(u)). Noticing that

i LE@WFHEG) - EW)) — f(EW)
m .

—0 !

0 < VAEW (EW) —Ew) =
For small enough 1 > ¢ > 0, we get

JE@W) +1(E(y) — E@)) > f(E)) = f(E(y)).

Let E(v) = tE(y) + (1 — t)E(u), by the E-pseudoconvexity of f again, it follows
that

VEW)(E(y) — E@)) <0,
VEW) (Em) — E@)) <O0.

Since E(u) — E(v) = ﬁ(E(v) — E(y)), the above two inequalities can not hold
simultaneously. Thus, we get a contradiction. So, f is strictly E-quasiconvex. Finally,
we get from Remark 2.1 that f is also E-quasiconvex. This completes the proof.

Let f = (f1, f2,..., fm) and g = (g1, &2, ..., gp) be vector valued functions

on R", and f, g be differentiable. Considering the following multi-objective program-
ming problem (MP):

min f(x) = (f1(x), f2(x), ..., fm(x)) (MP)
st. xeX={xeR": gix) 20}
We denote
M={12,...,m}, P={1,2,...,p}l

Definition 2.5 A point x € X is said to be an efficient solution of problem (MP), if
f(x) £ f(x) forallx € X.

Definition 2.6 A point x € X is said to be a weakly efficient solution of problem
MP), if f(x) £ f(x) forall x € X.
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3 Optimality criteria without constraint qualifications

In this section, we shall deal with the optimality conditions of problem (MP)
(formulated in Sect. 2) under the assumptions of E-pseudoconvexity.

Theorem 3.1 In problem (MP), let f; : R" — R' (i € M)and g; : R" — R!
(j € P) be E-pseudoconvex real valued functions with respect to the same map-
ping E : R" — R", and E(X) C X is convex and the mapping E is one-to-one
and onto. Suppose that x is a feasible solution of (MP). Then, E(x) € X is an effi-
cient solution of (MP) if and only if for all nonempty subset M C M and subset
PICI(Ex)={ieP: g(EXx)) =0, E(X) € X}, the following inequalities

IV fi(E(X)) <0, ieM

T'g;(E(X)) <0, je P

S(E(X) +az) = fr(E(x)), keM—-M;, a€[0,a], a >0
gI(E(X) +az) = gi(E(x)), [e€l(EX)).

[My, Pi] 3.1

have no solutions in R".

Proof Necessity. Assuming that there exist a nonempty subset M| C M and a subset
Py C I(E(x)) such that the inequalities [M1, P;] have a solution zZ. Since

FIE®) +a?) = fE®) + ez VA(E®) + 0(), i€ M,
and 7V f; (E (%)) < 0, for small enough a > 0 we get
Ji(E(X) +a2) < fi(E(X)), i€ M;.
Noticing that
J(E®X) +a2) = fi(E(X)), keM— M.
Thus, we have
FEX) +az) < f(EWX) (3.2)

By the similar arguments, we can get

S(E(X) +az) < g(E(x)) = 0. (3-3)
It yields from (3.2) and (3.3) that E(X) is not an efficient solution of problem (MP).
This contradicts to the given conditions.

Sufficiency. We proceed by contradiction. Suppose that E(x) is not an efficient
solution of problem (MP), then there exists @ > 0,z € R", such that

FEE) +az) < f(EX)),

g(E(x)+az) £0. (3.4)
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According to the E-pseudoconvex of f, we can get from (3.4) that
[(E(X) +az2) — E@I VF(E®) =az VF(E®) £0.

By & > 0, that is

ZIVFER) LO0.
In addition, there is at least an index i in (3.4) such that f; (E(X) + az) < fi(E(X)).
From the E-pseudoconvex of f again, we can get z/ V f; (E(X)) < 0. Therefore, it
follows that

IV F(E®) <O0. (3.5)
Now, denote M| = {i € M : ZTVﬁ(E()"c)) < Otand My = {i € M :
ZI'V £;(E(X)) = 0}. It is clear that M| % @ and My C M — M. Thus, the inequality

(3.5) can be decomposed into the following two inequalities:

IVAEE®®) <0, ieM, (3.6)
ZIVA(E®) =0, keM— M. (3.7)

It yields from (3.6) that 7 is a solution of the first inequality in (3.1).
Next, we shall prove that z is a solution of the third inequality in (3.1). In fact, by
(3.7), for any @ > 0 we get
[(E(®) +aZ2) — E@'VA(E®) =0, keM—M,.
Since fi(x) is E-pseudoconvex, for all @ = 0 we get from the above equation that
Je(E(X) +az) 2 fi(E(X)), keM— M. (3.8)
Combining (3.8) with (3.4), we have

J(E(X) +az) = fi(E(X)), keM— M. (3.9

On the other hand, any point in the line segment between E (x) and E(Xx) 4+ aZ can be
expressed as

(1= )(E®) +a7) +AE(X) = EX) + (@ —anz, re[0,1].  (3.10)

Leta = o —Aa.If A € [0, 1], then o € [0, a]. Therefore, the Eq. (3.10) can be written
as

(1 — W(EX) +@z) + AE(X) = E(X) + aZ.
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Since f; is E-pseudoconvex, it follows from Lemma 2.1 that f; is E-quasiconvex.
So we get from Definition 2.3 that

F(E(X) +az) = fi((1 = M(EX) +az) + LE(X))
< max{fy (E(X), fr(E(X) + az)),
= fi(EX), keM— M, ael0,a].

Combining the above inequality with (3.8), we have
J(EX) +az) = filEX), ke M — M, a€l0,al,

which shows that z is a solution of the third inequality in (3.1).
Finally, it is obviously that

G(EX) +az) S g;(E(X) =0, jel(EWX).

This inequality is similar to (3.4), and g; (x) is also E-pseudoconvex. By the similarly
argument, we can find a subset P; C I (E(x)), such that 7 is the solution of the second
and the forth inequalities in (3.1). The proof is completed. O

Theorem 3.2 In problem (MP), let f; = R" — R' (i € M)and g; : R" — R!
(j € P) be E-pseudoconvex real valued functions with respect to the same mapping
E: R" — R", and E(X) C X is convex and the mapping E is one-to-one and onto.
Suppose that x is a feasible solution of (MP). Then, E(x) € X is a weakly efficient
solution of (MP) if and only if for all nonempty subset 2 C I(E(x)) = {i € P :
gi(E(x)) =0, E(x) € M}, the following inequalities

JIVF(E®) <0
(211 zTg;(E(x)) <0, jeq (3.11)
G(E@) 4+az) =0, [€l(EX)—9Q, acl0,al, @>0

has no solution in R".

Proof Necessity. Assume that there exists some subset 2 C I (E(x)) such that (3.11)
has a solution z. Similar to the proof of Theorem 3.1, we can get

SE(X) +az) < f(E(X)),

gi(E(X) +az) < gj(E(X)), e,

gI(E(X)4+az) =0, lel(EX)) — Q.
Which shows that E(x) is not weakly efficient solution for problem (MP), a contra-
diction.

Sufficiency. If E(x)) is not a weakly efficient solution for problem (MP), then there
exists @ > 0, 7 € R", such that

FE(X) +az) < f(E(X)), g(E®X)+az) =0.

@ Springer



G. Yuetal.

It is still similar to the proof of Theorem 3.1, respectively, we can get

FVFE®) <0,
ZTng(E()E)) <0, jel(EX) (3.12)

Denote 2 = {j € (E(X) : ZTng(E()E)) < 0}, then the inequality (3.12) can be
divided into the following two parts

Z'Vgi(E(®) <0, jeg, (3.13)
Vg (E(®) =0, jel(E®)—Q. (3.14)

From (3.14), we can also obtain that
g(EX)4+az) =0, [€el(EX)—Q, xe[0,a], a >0. (3.15)

Combining with (3.13) and (3.15), it yields that there exists 2 C I (E(x)) such that z
is a solution of inequalities (3.11). This is a contradiction to the given conditions. The
proof is completed.

4 Conclusion

We have established the unified necessary and sufficient optimality conditions for
weakly efficient and efficient solutions, respectively, in multi-objective programming
problems under the E-pseudoconvexity assumptions. The results of this paper deepen
and enrich the theory of multi-objective optimization.

On the other hand, there exist a great variety of literatures regarding the optimality
conditions of multi-objective optimization. Readers who have a mind to comprehend
recent developments in multi-objective optimization, can compare for the work of
Chinchuluun and Pardalos [2], or consult for the monographs of Pardalos et al. [7] and
Zopounidis and Pardalos [18].
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