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Abstract Based on a co-rotational framework, a
3-noded iso-parametric element formulation of 3D
beam was presented, which was used for accurate mod-
elling of frame structures with large displacements and
large rotations. Firstly, a co-rotational framework was
fixed at the internal node of the element, it translates
and rotates with the node rigidly; then, vectorial rota-
tional variables were defined, they are three smaller
components of the cross-sectional principal vectors at
each node, sometimes they represent different compo-
nents of the cross-sectional principal vectors in incre-
mental solution procedure so as to avoid the occurrence
of ill-conditioned tangent stiffness matrix; thereafter,
the internal force vector and tangent stiffness matrix in
local system was derived from the strain energy of the
element as its first partial derivative and second partial
derivative with respect to local variables, respectively,
and a symmetric tangent stiffness matrix was achieved;
finally, several examples were analysed to illustrate the
reliability and accuracy of this procedure.
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1 Introduction

Developing an efficient beam element formulation for
large displacement analysis of frame structures has been
an issue of many researchers (Crisfield 1996, Hsiao et
al. 1987). There already exist various formulations to
meet this requirement, Hsiao et al. (1987) had divided
them into three categories: Total Lagrangian formula-
tion (Bathe and Bolourchi 1979, Kwak et al. 2001, Pai et
al. 2000, Schulz and Filippou 2001). Updated Lagrang-
ian formulation (Bathe and Bolourchi 1979, Cardona
and Geradin 1988, Chen and Blandford 1991, Misra et
al. 2000, Teh and Clarke 1999) and co-rotational for-
mulation (Battini and Pacoste 2002, Crisfield 1990, Cr-
isfield and Moita 1996, Hsiao et al. 1987, Hsiao and Lin
2000a, Teh and Clarke 1998), certainly, there also ex-
ist some mixed type formulations of them (Jiang and
Chernuka 1994, Hsiao and Lin 2000b, Lin and Hsiao
2001). In addition, Simo and Vu-Quoc developed a class
of geometrically-exact beam formulation, this formula-
tion demonstrates its computational efficiency in large
displacement analyses of frame structures and benefit
in solving dynamic problems of flexible beam or beams
system subject to large overall motions (Simo and Vu-
Quoc 1986a,b, 1988, 1991, Vu-Quoc and Deng 1995,
Vu-Quoc and Ebcioglu 1995, 1996, Vu-Quoc and Simo
1987). For convenience, these formulations can also be
classified into two groups: formulations with asymmet-
ric element tangent stiffness matrices and formulations
with symmetric element tangent stiffness matrices. Due
to the non-commutativity of spatial rotations, most
co-rotational formulations belong to the first group, and
the geometrically-exact beam formulation proposed by
Simo and Vu-Quoc also falls into this category (Simo and
Vu-Quoc 1986a,b, 1988, 1991, Vu-Quoc and Deng 1995,
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Vu-Quoc and Ebcioglu 1995, 1996, Vu-Quoc and Simo
1987). For an asymmetric tangent stiffness matrix, more
storage is occupied so as to store all its components.
Simo and Vu-Quoc (1986c) denoted that in a conser-
vative system, although their developing tangent stiff-
ness matrix is always asymmetric, it will become sym-
metric once the incremental loading process arrives at
an equilibrium level, Crisfield and his co-worker (Cr-
isfield 1990, 1996, Crisfield and Moita 1996) had also
found this phenomenon, so they symmetrized element
tangent stiffness matrix by excluding the non-symmet-
ric term (Simo and Vu-Quoc 1986c, Crisfield 1990, 1996,
Crisfield and Moita 1996). This treatment can improve
the computational efficiency greatly. Simo (1992) pre-
sented a rigorous justification for the symmetrization of
non-symmetric tangent stiffness matrix. Simo (1992) and
Crisfield (1996) also predicted that a symmetric tangent
stiffness matrix in the co-rotational framework could be
achieved if a certain set of additive rotational variables
were adopted.

Up to now, numerous theoretical models of beams
have been developed and applied to various practical
circumstances. No single theory has proven to be gen-
eral and comprehensive enough for the entire range of
applications. Some beam formulations address better
performance over certain class of physical problems with
greater accuracy and efficiency rather than their general-
ity, while, other models tend to a wider range of practical
engineering problems, and the accuracy of the formula-
tions has been somewhat sacrificed. In this paper, the
author defined a set of vectorial rotational variables and
developed an advanced co-rotational formulation for
3D beam element. In contrast with other existing beam
element formulations for large displacement and large
rotation analysis of frame structures, this formulation
has several advantages: (1) all the variables are additive
in an incremental solution procedure, this renders great
simplification in updating vectorial rotational variables
in incremental loading; (2) a quite simple relationship is
established between the local variables and the global
variables, and the transformation matrix can be derived
from this relationship conveniently; (3) symmetric tan-
gent stiffness matrices are achieved both in local system
and global system; (4) total variables are used in calcu-
lating tangent stiffness matrix in local system and global
system, this ensures the accuracy and reliability of beam
element formulation. Considering the merits of the pro-
posed co-rotational procedure and vectorial rotational
variables, the author and his co-worker (Izzuddin and LI
2004, Li and Izzuddin 2005) have also extended them to
2D beam element, curved shell element, multi-layered
tube-like beam element, laminated curved shell element
and several super-elements consisting of multiple tube-

like beam and shell elements in bionic structural mod-
elling of dragonfly’s wing.

2 Description of the co-rotational framework

In this beam element formulation, several basic assump-
tions were adopted: (1) all elements are straight at the
initial configuration; (2) the shape of the cross-section
does not distort with element deforming; (3) restrained
warping effects are ignored. Certainly, this co-rotational
procedure and vectorial rotational variables can also
be easily extended to solve some complicated beam
or shell problems, such as open cross-section beams,
curved beam, multi-layered composite beam and lami-
nated curved shell element etc.

Local coordinate system and global coordinate sys-
tem are illustrated in Fig. 1, both of them are Cartesian
coordinate systems, where the local coordinate system
is fixed at the internal node of element, and translates
and rotates with the element rigid-body translation and
rotation, but does not deform with the element.

In order to define the initial orientation of the local
coordinate axes, an auxiliary node is prescribed, which is
located in one of the symmetry plane of the element (see
Point A in Fig. 1). Vectors v120 and v3A0 are calculated
from,

v120 = X20 − X10 v3A0 = XA0 − X30

where, Xi0(i = 1, 2, 3, A) is the global coordinates of
Node i, then the orientation vectors of local axes are
defined as,

ex0 = v120

|v120| ez0 = v120 × v3A0

|v120 × v3A0| ey0 = ez0 × ex0

where, ex0, ey0, ez0 (see Fig. 1) are the normalized ori-
entation vectors of x-axis, y-axis and z-axis in global
coordinate system, respectively.

The orientation vectors eix, eiy, eiz of Node i at the
deformed configuration are calculated from the rota-
tional variables directly in incremental solution pro-
cedure. In particular, at Node 3 (the internal node),
e3x, e3y, e3z are coincident with the orientations of lo-
cal coordinate axes,

e3x = ex e3y = ey e3z = ez

and at the initial configuration,

e3x0 = ex0 e3y0 = ey0 e3z0 = ez0
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Fig. 1 Definition of the
initial configuration
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however, the initial orientation vectors of two end nodes
are defined as

eix0 = {1, 0, 0}T eiy0 = {0, 1, 0}T

eiz0 = {0, 0, 1}T i = 1, 2

In global coordinate system, there are 18 degree of free-
doms per element, and each node six freedoms,

uG = {U1 V1 W1 e1y,n1 e1y,m1 e1z,n1 , . . . ,

U3 V3 W3 e3y,n3 e3y,m3 e3z,n3

}T

where, Ui, Vi and Wi are the displacements of Node i,
eiy,ni , eiy,mi and eiz,ni are the vectorial rotational vari-
ables, they are three smaller components of eiy and
eiz. This definition can eliminate the possibility of the
denominators approaching to ‘zero’ in the partial deriv-
atives of the rest components of eiy and eiz with respect
to eiy,ni , eiy,mi and eiz,ni [referred to Eqs. (2) and (3)],
accordingly, avoid the occurrence of ill-conditioned tan-
gent stiffness matrix in global system.

In local coordinate system, there are 12 freedoms per
element, and each end node 6 degree of freedoms,

uL={u1v1 w1 r1y,n1 r1y,m1 r1z,n1 u2 v2 w2 r2y,n2 r2y,m2 r2z,n2

}T

where, ui, vi, wi are the local displacements of Node i,
and riy,ni , riy,mi and riz,ni are the local vectorial rotational
variables, which are three smaller components of riy and
riz. This definition can avoid the occurrence of ill-condi-
tioned tangent stiffness matrix in local system.

Considering that eiy and eiz are always orthogonal
eT

iyeiz = 0, and both of them are unit vectors, the rest
components of eiy and eiz can be calculated from the
rotational variables eiy,ni , eiy,mi and eiz,niaccording to the
following equations,

eiy,leiz,l + eiy,meiz,m + eiy,neiz,n = 0 (1a)

e2
iy,l + e2

iy,m + e2
iy,n = 1 (1b)

e2
iz,l + e2

iz,m + e2
iz,n = 1 (1c)

Firstly, assumed that
∣
∣eiy,l

∣
∣ ≥ ∣∣eiy,m

∣
∣,
∣
∣eiy,l

∣
∣ ≥ ∣∣eiy,n

∣
∣ (l, m,

n ∈ {1, 2, 3}, and l �= m �= n) at the end of the current
incremental loading or iterating step:

Case 1 If
∣
∣eiz,l

∣
∣ ≥ ∣

∣eiz,m
∣
∣ and

∣
∣eiz,l

∣
∣ ≥ ∣

∣eiz,n
∣
∣, then three

rotational variables at the next incremental loading or
iterating step are eiy,n, eiy,m, eiz,n, where

{
n m l

}
are the

cyclic permutations of
{

1 2 3
}
, according to Eq. (1),

other components of eiy and eiz are calculated from
these rotational variables as,

eiy,l = s1

√
1 − e2

iy,n − e2
iy,m (2a)

eiz,m =
−eiy,meiy,neiz,n + s2eiy,l

√
1 − e2

iy,n − e2
iz,n

1 − e2
iy,n

(2b)

eiz,l = s3

√
1 − e2

iz,m − e2
iz,n (2c)

where, s1, s3 are the sign flags of eiy,l and eiz,l at the start
of the incremental loading or iterating step, respectively,
they are one of the numeric values of 1 or –1, s2 is also
such a constant, and it is conditioned on eT

iyeiz = 0. Note
that n, m, l may have different values at different node
or at different incremental loading or iterating step.

Case 2 If
∣
∣eiz,m

∣
∣ ≥ ∣

∣eiz,l
∣
∣ and

∣
∣eiz,m

∣
∣ ≥ ∣

∣eiz,n
∣
∣ at the end

of the current incremental loading or iterating step, then
three rotational variables are defined as eiy,n, eiy,m, eiz,n,
according to Eq. (1), other components of eiy and eiz are
calculated from them as,
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Fig. 2 Diagram of the
co-rotational framework
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eiy,l = s1

√
1 − e2

iy,n − e2
iy,m (3a)

eiz,l =
−s1

√
1−e2

iy,m−e2
iy,neiy,neiz,n+s2eiy,m

√
1−e2

iy,n−e2
iz,n

1−e2
iy,n

(3b)

eiz,m = s3

√
1 − e2

iz,n − e2
iz,l (3c)

where, s1, s2, s3 are the same kind of constants as those
in case 1.

Vector eix is the cross-product of vectors eiy and eiz,

eix = eiy × eiz (4)

The definition of local vectorial rotational variables
riy,ni , riy,mi and riz,ni (they are three smaller components
of riy and riz) follows the same route as that of global
vectorial rotational variables (eiy,ni , eiy,mi and eiz,ni are
three smaller components of eiy and eiz).

Rigid-body motion contributes nothing to strain, so it
is excluded in advance so as to achieve an element-inde-
pendent co-rotational formulation. In Fig. 2, (1) denotes
the initial configuration; (3) represents the current con-
figuration. From (1) to (3), the element experiences both
rigid-body motion and pure deformation. (2) is an inter-
mediate configuration between (1) and (3). From (1)
to (2), the element experiences pure rigid-body motion,

and from (2) to (3), it suffers pure deformation. In the
co-rotational framework presented in Fig.2, the process
from (1) to (2) is excluded, and only the process from
(2) to (3) is considered, where, (2) is treated as a pseudo
initial configuration of (3), so the relationships of local
variables and global variables are given as,

ti = R(di − d3 + vi0) − R0vi0 (5a)

riy = RRT
i ey0 (5b)

riz = RRT
i ez0 (5c)

where, ti =
⎧
⎨

⎩

ui

vi

wi

⎫
⎬

⎭
, R0 =

⎡

⎢
⎣

eT
x0

eT
y0

eT
z0

⎤

⎥
⎦, R =

⎡

⎢
⎣

eT
x

eT
y

eT
z

⎤

⎥
⎦, Ri =

⎡

⎢
⎣

eT
ix

eT
iy

eT
iz

⎤

⎥
⎦ (i = 1, 2). At the right side of Eq. (5a), the first

term is the local coordinates of Node i at the deformed
configuration, while, the second term is its initial local
coordinates. At the right side of Eq. (5b,5c), êiy = RT

i ey0
and êiz = RT

i ez0 are the cross-sectional principal vec-
tors of Node i at the deformed configuration (they are
coincident with ey0 and ez0 at undeformed configuration
for a straight beam element, and the nodal orientation
matrix Ri0 at initial configuration is a unit matrix, while,
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at the deformed configuration, it becomes Ri. Note that
Riêiy = Ri0ey0 and Riêiz = Ri0ez0, accordingly, êiy =
RT

i ey0 and êiz = RT
i ez0). vi0 is the relative vector from

Node 3 to Node i at the initial configuration, it is calcu-
lated from,

vi0 = Xi0 − X30 i = 1, 2 (6)

Especially, at the internal node, t3 = {0, 0, 0}T, r3x0 =
r3x = {1, 0, 0}T, r3y0 = r3y = {0, 1, 0}T, r3z0 = r3z =
{0, 0, 1}T.

3 Kinematics of 3-noded iso-parametric beam element

For this 3-noded iso-parametric beam element, Lagrang-
ian interpolation functions are introduced to describe
the coordinates, displacements and vectorial rotations
at any point of element in local coordinate system.

The local coordinates at any point of element are
depicted as

x =
3∑

i=1

hi (ξ)
(
xi0 + ylriy0 + zlriz0

)
(7)

where, x = {x, y, z}T; hi(ξ) is Lagrangian interpolation
function at Node i; xi0 = {xi0, yi0, zi0}T are the local coor-
dinates of Node i; yl and zl are the relative coordinates of
a point to the central line of element along its two cross-
sectional principal vectors, respectively, in the proposed
formulation, yl = y, zl = z.

The displacements at any point of element can be
expressed as,

u =
3∑

i=1

hi (ξ)
[
ti + yl

(
riy − riy0

)+ zl (riz − riz0)
]

(8)

Considering the possibility of large displacements and
large rotations, Green strain measure is introduced to
describe the strain–displacement relationship of this
beam element formulation,

ε =
⎧
⎨

⎩

εxx

γxy

γxz

⎫
⎬

⎭
=

⎧
⎪⎪⎨

⎪⎪⎩

1
2

[
∂(u+x)

∂x
∂(u+x)

∂x − ∂x
∂x

∂x
∂x

]

∂(u+x)
∂x

∂(u+x)
∂y − ∂x

∂x
∂x
∂y

∂(u+x)
∂x

∂(u+x)
∂z − ∂x

∂x
∂x
∂z

⎫
⎪⎪⎬

⎪⎪⎭
(9)

For convenience, Eq. (9) is rewritten as,

ε = ε(0) + ylε
(1) + zlε

(2) + ylzlε
(3) + y2

l ε
(4) + z2

l ε
(5)

where,

ε(0) =

⎧
⎪⎨

⎪⎩

1
2

∂u0
∂x

∂u0
∂x + ∂u0

∂x
∂x
∂x

∂u0
∂x ry + ∂x

∂x

(
ry − ry0

)

∂u0
∂x rz + ∂x

∂x (rz − rz0)

⎫
⎪⎬

⎪⎭

ε(1) =

⎧
⎪⎨

⎪⎩

1
2

∂u0
∂x

∂ry
∂x + ∂x

∂x
∂(ry−ry0)

∂x
∂ry
∂x ry − ∂ry0

∂x ry0
∂ry
∂x rz − ∂ry0

∂x rz0

⎫
⎪⎬

⎪⎭

ε(2) =

⎧
⎪⎨

⎪⎩

1
2

∂u0
∂x

∂rz
∂x + ∂x

∂x
∂(rz−rz0)

∂x
∂rz
∂x ry − ∂rz0

∂x ry0
∂rz
∂x rz − ∂rz0

∂x rz0

⎫
⎪⎬

⎪⎭

ε(3) =
⎧
⎨

⎩

1
2

∂ry
∂x

∂rz
∂x − ∂ry0

∂x
∂rz0
∂x

0
0

⎫
⎬

⎭

ε(4) =

⎧
⎪⎨

⎪⎩

1
2

(
∂ry
∂x

∂ry
∂x − ∂ry0

∂x
∂ry0
∂x

)

0
0

⎫
⎪⎬

⎪⎭

ε(5) =

⎧
⎪⎨

⎪⎩

1
2

(
∂rz
∂x

∂rz
∂x − ∂rz0

∂x
∂rz0
∂x

)

0
0

⎫
⎪⎬

⎪⎭

and u0 = ∑3
i=1 hi (ξ) ti; ry = ∑3

i=1 hi (ξ) riy; ry0 =
∑3

i=1 hi (ξ) riy0; rz = ∑3
i=1 hi (ξ) riz; rz0 = ∑3

i=1 hi (ξ)

riz0; ∂
∂x = ∂

∂ξ
/
∑3

i=1 h′
i(ξ)xi0, the prime appended above

and to the right of hi(ξ) represents its first derivative
with respect to ξ .

4 Definition of element tangent stiffness matrix

The strain energy of element can be calculated as below,

U =
∫

V

1
2
εTDεdV (10)

where, D is the elastic constant matrix, D

=
⎡

⎣
E 0 0
0 k0G 0
0 0 k0G

⎤

⎦; E and G are the elastic modulus and

shear modulus, respectively; k0 is the shear factor of
cross-section; V the volume of element.

The internal force vector in local system is the first
derivatives of the strain energy with respect to local
variables, it is calculated from

f = ∂U
∂uL

=
∫

V

BTDεdV (11)
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where,

B = ∂ε

∂uL
= ∂ε(0)

∂uL
+ yl

∂ε(1)

∂uL
+ zl

∂ε(2)

∂uL
+ ylzl

∂ε(3)

∂uL

+y2
l
∂ε(4)

∂uL
+ z2

l
∂ε(5)

∂uL

= B(0) + ylB(1) + zlB(2) + ylzlB(3) + y2
l B(4) + z2

l B(5)

Eq. (11) can be rewritten as

f =
∫

L

⎛

⎝
∫

A

BTDεdA

⎞

⎠dx

=
∫

L

(
a0A + a1Sy + a2Sz + a3Syz + a4Iy + a5Iz

+a6Swyz + a7Swzy + a8Iwyz + a9Iwy + a10Iwz
)

dx

where, A and L are the cross-sectional area and length
of beam element, respectively; A = ∫

A
dA; Sy = ∫

A
yldA;

Sz = ∫
A

zldA; Syz = ∫
A

ylzldA; Iy = ∫
A

y2
l dA; Iz = ∫

A
z2

l dA;

Swyz = ∫

A
y2

l zldA; Swzy = ∫

A
z2

l yldA; Iwyz = ∫

A
y2

l z2
l dA;

Iwy = ∫

A
y4

l dA; Iwz = ∫

A
z4

l dA, for a beam element with

bisymmetric cross-section, Sy = Sz = Syz = Swyz =
Swzy = 0; a0 ∼ a10 can be calculated as below,

a0 = B(0)T
Dε(0)

a1 = B(1)T
Dε(0) + B(0)T

Dε(1)

a2 = B(2)T
Dε(0) + B(0)T

Dε(2)

a3 = B(3)T
Dε(0) + B(0)T

Dε(3) + B(2)T
Dε(1)

+B(1)T
Dε(2)

a4 = B(4)T
Dε(0) + B(0)T

Dε(4) + B(1)T
Dε(1)

a5 = B(5)T
Dε(0) + B(0)T

Dε(5) + B(2)T
Dε(2)

a6 = B(3)T
Dε(1) + B(1)T

Dε(3) + B(4)T
Dε(2)

+B(2)T
Dε(4)

a7 = B(5)T
Dε(1) + B(1)T

Dε(5) + B(3)T
Dε(2)

+B(2)T
Dε(3)

a8 = B(5)T
Dε(4) + B(4)T

Dε(5)

a9 = B(4)T
Dε(4)

a10 = B(5)T
Dε(5)

The tangent stiffness matrix in local system is the sec-
ond partial derivative of the strain energy U with respect
to local variables, it is given as,

kt =
[

∂2U
∂uLj∂uLk

]

12×12
=
∫

V

(
BTDB + εTD

∂B
∂uL

)
dV

(12)

where, uLj and uLk are the jth and kth components of
uL, respectively. Due to the commutativity of uLj and
uLk in the differentiation of Eq. (12), kt is symmetric.

Equation (12) can be rewritten as

kt =
∫

L

∫

A

(
BTDB + εTD

∂B
∂uL

)
dAdx

=
∫

L

(
b0A + b1Sy + b2Sz + b3Syz + b4Iy + b5Iz

+b6Swyz + b7Swzy + b8Iwyz + b9Iwy+b10Iwz
)

dx

where,

b0 = B(0)T
DB(0) + ε(0)T

D
∂B(0)

∂uL

b1 = B(0)T
DB(1) + ε(0)T

D
∂B(1)

∂uL
+ B(1)T

DB(0)

+ε(1)T
D

∂B(0)

∂uL

b2 = B(0)T
DB(2) + ε(0)T

D
∂B(2)

∂uL
+ B(2)T

DB(0)

+ε(2)T
D

∂B(0)

∂uL

b3 = B(0)T
DB(3) + ε(0)T

D
∂B(3)

∂uL
+ B(3)T

DB(0)

+ε(3)T
D

∂B(0)

∂uL
+ B(1)T

DB(2) + ε(1)T
D

∂B(2)

∂uL

+B(2)T
DB(1) + ε(2)T

D
∂B(1)

∂uL

b4 = B(0)T
DB(4) + ε(0)T

D
∂B(4)

∂uL
+ B(4)T

DB(0)

+ε(4)T
D

∂B(0)

∂uL
+ B(1)T

DB(1) + ε(1)T
D

∂B(1)

∂uL

b5 = B(0)T
DB(5) + ε(0)T

D
∂B(5)

∂uL
+ B(5)T

DB(0)

+ε(5)T
D

∂B(0)

∂uL
+ B(2)T

DB(2) + ε(2)T
D

∂B(2)

∂uL

b6 = B(1)T
DB(3) + ε(1)T

D
∂B(3)

∂uL
+ B(3)T

DB(1)

+ε(3)T
D

∂B(1)

∂uL
+ B(2)T

DB(4) + ε(2)T
D

∂B(4)

∂uL

+B(4)T
DB(2) + ε(4)T

D
∂B(2)

∂uL

b7 = B(1)T
DB(5) + ε(1)T

D
∂B(5)

∂uL
+ B(5)T

DB(1)

+ε(5)T
D

∂B(1)

∂uL
+ B(2)T

DB(3) + ε(2)T
D

∂B(3)

∂uL
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+B(3)T
DB(2) + ε(3)T

D
∂B(2)

∂uL

b8 = B(4)T
DB(5) + ε(4)T

D
∂B(5)

∂uL
+ B(5)T

DB(4)

+ε(5)T
D

∂B(4)

∂uL

b9 = B(4)T
DB(4) + ε(4)T

D
∂B(4)

∂uL

b10 = B(5)T
DB(5) + ε(5)T

D
∂B(5)

∂uL

Gaussian integral procedure is adopted to calculate
the internal force vector and tangent stiffness matrix,

f =
n0∑

i=1

[
a0A + a1Sy + a2Sz + a3Syz + a4Iy + a5Iz

+a6Swyz + a7Swzy + a8Iwyz + a9Iwy

+a10Iwz

]

ξi

wt(i)J (13)

kt =
n0∑

i=1

[
b0A + b1Sy + b2Sz + b3Syz + b4Iy + b5Iz

+b6Swyz + b7Swzy + b8Iwyz + b9Iwy

+b10Iwz

]

ξi

wt(i)J (14)

where, n0 is the number of Gaussian integral points
along the central axis ξ of element, n0 = 2 in solving
the examples below; ξi and wt(i) are the dimensionless
coordinate and weight factor at Gaussian point i, respec-
tively; J is the jacobian, J =∑3

i=1 h′
i (ξ) xi0.

The relationship of the global internal force vector fG
and the local internal force vector f is given as,

fG = TTf (15)

where, T is the transformation matrix from global coor-
dinate system to local coordinate system, it is calculated
from

Ti,j = ∂uLi

∂uGj
(16a)

T =

⎡

⎢
⎢
⎣

R 0 0 0 −R R16
0 R22 0 0 0 R26
0 0 R 0 −R R36
0 0 0 R44 0 R46

⎤

⎥
⎥
⎦ (16b)

T is a 12 × 18 matrix, R and Rij(i = 1, 2, 3, 4; j = 2, 4, 6)

are its sub-matrices. R represents the same matrix as
that in Eq. (5); Rij is a 3 × 3 matrix (see Appendix A.1),
and ‘0’ is a 3 × 3 zero matrix.

The global tangent stiffness matrix is derived from fG
as below,

ktG = ∂fG

∂uG
= TT ∂f

∂uG
+ ∂TT

∂uG
f = TTktT + ∂TT

∂uG
f (17)

where, ktG is an 18 × 18 matrix; ∂T
∂uG

is a 12 × 18 × 18
matrix, it is calculated from

∂T
∂uG

=

⎡

⎢
⎢
⎢
⎢
⎣

∂R
∂uG

0 0 0 − ∂R
∂uG

∂R16
∂uG

0 ∂R22
∂uG

0 0 0 ∂R26
∂uG

0 0 ∂R
∂uG

0 − ∂R
∂uG

∂R36
∂uG

0 0 0 ∂R44
∂uG

0 ∂R46
∂uG

⎤

⎥
⎥
⎥
⎥
⎦

(18)

the nonzero sub-matrices of ∂Rij
∂uG

(i = 1, 2, 3, 4; j = 2, 4, 6)

are given in Appendix A.2. Considering that

∂T
∂uG

=
[

∂2uLi

∂uGj∂uGk

]

12×18×18
(19)

and the commutativity of the uGj and uGk in the differ-
entiation of Eq. (19), it is obvious that the second term
in the right-hand side of Eq. (17) is symmetric, further-
more, ktG is symmetric.

In incremental solution procedure, the equilibrium
equation at the start of ith loading increment is given as,

ktG0
i�uG1

i = �λi
1P (20)

where, ki
tG0 is the global tangent stiffness matrix at the

start of incremental loading Step i; �uG1
i and �λi

1 are
the increments of the global variables and the load-
ing parameter, respectively; P is the prescribed external
force vector.

The equilibrium equation at jth iterating step of ith
loading increment is given as,

ktG
i
j−1�uG

i
j = �λi

jP + Pres j ≥ 2 (21)

where, ktG
i
j−1 is the tangent stiffness matrix at the end

of (j − 1)th iterating step; �uG
i
j and �λi

j are the incre-
ments of the global variables and the loading parameter
achieved at jth iterating step; Pres is the unbalanced load-
ing vector at the end of last iterating step; �λi

1 and �λi
j

are calculated in accordance with general displacement
controlling procedure (Yang and Shieh 1990).

For convenience, Eq. (21) can be rewritten as

ktG
i
j−1u1

i
j = P (22a)

ktG
i
j−1u2

i
j = Pres (22b)

and the increments of the global variables can be given
as

�uG
i
j = �λi

ju1
i
j + u2

i
j (23)
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Table 1 Comparison of tip displacements under different load levels

Load level (lb) Tip displacement (in)

Present study Bathe and Bolourchi Simo and Vu-Quoc

u v w u v w u v w

300 −7.01 −11.93 −40.15 −6.8 −11.5 −39.5 −6.97 −11.86 −40.08
450 −10.73 −18.47 −48.46 – – – −10.68 −18.38 −48.39
600 −13.55 −23.56 −53.43 −13.4 −23.5 −53.4 −13.51 −23.47 −53.37

Considering that all the global variables are additive in
an incremental solution procedure, the global variables
at the end of ith loading increment are updated by

ui
G = ui−1

G +
n∑

j=1

�uG
i
j (24)

where, ui−1
G is the values of the global variables at the

end of (i − 1)th loading increment, and n is the number
of iterations at ith increment.

Iterating process will be terminated if the following
converge criterion is satisfied,

∣
∣
∣
∣
∣

u2
i
j
TPres

�uG
i
1

T�λi
1P

∣
∣
∣
∣
∣
≤ err (25)

where, err is a small constant, in analysing the following
examples, err = 10−5.

5 Examples

5.1 Analysis of a cantilever 450-bend with large
displacements and large rotations

A bend beam lies in X–Y plane, it is fixed at one end
and free at another end (see Fig. 3), a concentrated load
is applied at the free end in Z-direction. The bend has
an average radius of 100 in, and its cross-section is a
square with an area of 1 in2, and its elastic modulus E
and Poisson’s ratio µ are 107 psi and 0.0, respectively.

This bend is subdivided into eight beam elements
equally, and these elements are idealized as straight
beams. The tip displacements under different load lev-
els are given in Table 1. To verify the reliability and
accuracy of the procedure, the results from Bathe and
Bolourchi (1979) and Simo and Vu-Quoc (1986c) are
also presented in Table 1, it is shown that the results
from present studies can fit in well with them.

In calculating the tip displacements under 600 lb load-
ing level, 8 loading increments are required, and their
iteration numbers are 7, 5, 5, 4, 4, 4, 3, 3, respectively.

Y

X

Z

P

O

45

R

0 v

wu

1

1

Fig. 3 A cantilever 450-bend with a concentrated tip load

5.2 A cantilever subject to an end moment

An initially straight cantilever beam is subjected to an
end bending moment M = 2πEI/L(see Fig. 4), its width
and height are b = 0.5 and t = 0.1, respectively, and
its length is 100; its young’s modulus is 2.1 × 107, the
Poisson’s ratio is 0.3, and the cross-sectional shear
factor is 5/6.

Considering that the components of nodal external
force vector with respect to vectorial rotational vari-
ables are not moment in the proposed beam element
formulation, the end moment is transformed into equiv-
alent components with respect to vectorial rotational

o

Y

M

X

Fig. 4 A cantilever subject to an end moment
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Fig. 5 Deformed shapes of the cantilever under different end
moment levels

variables of end node firstly. The relationship of the rota-
tion θiz and the vectorial rotational variables at end node
i is given as below:

If eiy,1 ≥ 0 and eiy,2 > 0, then θiz = arcsineiy,1;
If eiy,1 < 0 and eiy,2 > 0, then θiz = 2π + arcsineiy,1;
If eiy,2 ≤ 0, then θiz = π − arcsineiy,1.

If −
√

2
2 ≤ eiy,1 ≤

√
2

2 , then eiy,1, eiy,3 and eiz,1 are three
vectorial rotational variables at the end node,

δW = Mδθiz = M
eiy,2

δeiy,1

the equivalent load component with respect to eiy,1 is
M

eiy,2
, and another two components with respect to eiy,3

and eiz,1 are equal to zero.

If −
√

2
2 < eiy,2 <

√
2

2 , then eiy,2, eiy,3 and eiz,2 are three
vectorial rotational variables at the end node,

δW = Mδθiz = − M
eiy,1

δeiy,2

the equivalent load component with respect to eiy,2 is
− Mi

eiy,1
, and another two components with respect to eiy,3

and eiz,2 are equal to zero.
This cantilever is divided into five beam elements

equally. The deformed shapes of the cantilever at differ-
ent end moment levels are depicted in Fig. 5, it experi-
ences large displacement and large rotation, and its end
rotation arrives at 2π under M = 2πEI

L , however, the
proposed procedure still demonstrates satisfying effi-
ciency and reliability. Urthaler and Reddy (2005) and
Lee (1997) had also solved similar problems (but they
did not present the geometry and material properties of
the problems), and Lee’s procedure (Lee 1997) seems to
be quite efficient in solving similar problems, however, it
can not cope with buckling and post-buckling problem,

and will run into computational difficulty once locking
phenomena in thin beam element occur.

5.3 A portal frame subject to a concentrated load

A portal frame is subjected to a concentrated load (see
Fig. 6). the cross sections of its three members are rect-
angular, and their sizes are b = 0.5 and h = 0.1, respec-
tively. The material properties are E = 2.1 × 107 and
μ = 0.3, and the cross-sectional shear factor is 5/6.

In order to check the convergence of the proposed
procedure, each member is divided into 4, 8 and 16 equal
beam elements, respectively. The curve of load against
displacement at loading point is depicted in Fig. 7. It
is shown that four elements per member are enough
to achieve satisfying accuracy. Considering the effects
of shear locking and membrane locking phenomena in
thin beam element, reduced integration procedure can
alleviate or eliminate locking problems of this portal
frame effectively.

The deformed shapes of portal frame under differ-
ent loading levels are depicted in Fig. 8. It demonstrates
that the proposed procedure is reliable and efficient in
solving large displacement and large rotation problems.

P

100

10
0

Fig. 6 A portal frame subject to a concentrated load
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Fig. 7 Response of portal frame subject to a concentrated load
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Fig. 8 Deformed shapes of portal frame under different load
levels

5.4 Analysis of a space arc frame under vertical and
horizontal concentrated loading

This frame is shown in Fig. 9, it consists of two groups
of members. For the members in the arc frame planes,
the cross-section property are A1 = 0.5, Iy1 = 0.4 and
Iz1 = 0.133, respectively, and for the rib members, A2 =
0.1, Iy2 = 0.05 and Iz2 = 0.05, respectively. The material
properties are E = 4.32 × 105 and G = 1.66 × 105. This
frame is pinned at four boundary nodes. In addition to
four vertical concentrated loads P, the structure is also
subjected to two lateral concentrated loads 0.001P (see
Fig. 9).

In large displacement analysis of this space arc frame,
each leg is divided into two equal beam elements, while,
the rest members are treated as one element, respec-
tively. The curve of nodal displacement w against load P
is given in Fig. 10. It is shown that this curve is in close
agreement with the solution given by Hsiao et al. (1987)
and Wen and Rahimzadeh (1983).

69.28 61.44 69.28

P P

P P

40

30

0.001P 0.001P

w

1 1
1

1

2
21

1

Fig. 9 Space arc frame
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0
0 0.3 0.6 0.9 1.2

w
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Present study

Wen & Rahimzadeh(1983)

Hsiao et al(1987)

Fig. 10 Response of space arc frame under ultimate concentrated
loading

5.5 Space dome subject to a concentrated load
at the apex

The space dome is described in Fig. 11, all its mem-
bers have the same rectangular cross sections, b × h =
0.76 m×1.22 m. The material properties are E = 2.069×
1010 and G = 8.83 × 109 N/m2, respectively. This space

12.57

6.285

24.38

4.
55

1.
55

P

Z
X

o

12.19

10
.8

85

21
.1

15

X

Y

0.76

1.
22

Fig. 11 Geometry of space dome subject to an apex concentrated
load
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Fig. 12 Load-displacement curve at the peak of space dome

dome is fixed at its six boundary nodes, and a concen-
trated load is exerted at the apex.

In numerical analysis, each member is modelled by
one beam element. The load-displacement curve at the
apex is depicted in Fig. 12. Comparison of the results
from the proposed procedure and those from Teh and
Clarke (1999) and Izzuddin (2001) is given in Fig. 12. It
is shown that they are in agreement with each other very
well.

5.6 Twenty-four-member star-shaped shallow dome

The geometry of a 24-member star-shaped dome is
shown in Fig. 13, its member cross-section properties are
A = 3.17 cm2, Iy = 0.837 cm4, Iz = 0.837 cm4, and the
elastic modulus and shear modulus are E = 3.03 × 105

and G = 1.096 × 105 N/cm2, respectively. This dome
is pinned at six boundary nodes, and is loaded with a
concentrated load at the apex.

In numerical analysis of this dome, each member is
divided into two equal beam elements. The load-dis-
placement curve of this dome at the apex is depicted in
Fig. 14, where the results from Hsiao et al. (1987) and
Meek and Tan (1984) are also given, it is shown that the
curve from present studies can fit in well with them.

Keeping the same geometry of the dome, the same
loading case, and the same material properties and mem-
ber cross-sectional area, while adjusting the cross section
sizes along two principal inertia axes -y and -z: A =
3.17 cm2, Iy = 0.295 cm4, Iz = 2.377 cm4, each member
is subdivided into two beam elements equally, the load-
displacement curve at the apex is presented in Fig. 15.
It illustrates that the response of the dome is greatly
different from that in the last case, snap-through phe-

1
2

P

Z

X

25 25

43.3 43.3

6.
21

6
2

Y

X

Fig. 13 Twenty four member star-shaped dome subject to a con-
centrated load at the apex
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Meek & Tan (1984)

Hsiao et al(1987)

Fig. 14 Load-displacement curve of the star-shaped dome at the
apex

nomenon occurs after the concentrated load arrives at
an ultimate level.

The results from Meek and Tan (1984) are also
depicted in Fig. 15. Meek and Tan’s results are very
close to those from present studies.
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Fig. 15 Load-displacement curve of the dome at the apex

6 Conclusions

Compared with the existing 3-D beam element formu-
lations for frame structures with large displacements
and large rotations, there are several advantages in the
proposed procedure: (1) the element tangent stiffness
matrix is symmetric, so it ensures the computational
efficiency and the saving of storage source; (2) vec-
torial rotational variables are defined so all the vari-
ables of freedoms are additive, and ‘correction matrix’
is avoided; (3) these variables can be used to describe
large member deformation. Through several examples
test, the proposed procedure demonstrates satisfying
accuracy and efficiency in large displacement analyses
of frame structures.

Appendixes

A. 1 Sub-matrices of T

Ri6 =
[ ∂R
∂e3y,n

(dk − d3 + vk0)
∂R

∂e3y,m
(dk − d3 + vk0)

∂R
∂e3z,n

(dk − d3 + vk0)
]

where, i = 1, 3, k = i+1
2 .

Ri6 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
∂R

∂e3y,n
RT

k ey0

)

,nr

(
∂R

∂e3y,m
RT

k ey0

)

,nr

(
∂R

∂e3z,n
RT

k ey0

)

,nr

(
∂R

∂e3y,n
RT

k ey0

)

,mr

(
∂R

∂e3y,m
RT

k ey0

)

,mr

(
∂R

∂e3z,n
RT

k ey0

)

,mr

(
∂R

∂e3y,n
RT

k ez0

)

,nr

(
∂R

∂e3y,m
RT

k ez0

)

,nr

(
∂R

∂e3z,n
RT

k ez0

)

,nr

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where, i = 2, 4, k = i
2 .

R(2i)(2i) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
R ∂RT

i
∂eiy,n

ey0

)

,nr

(
R ∂RT

i
∂eiy,m

ey0

)

,nr

(
R ∂RT

i
∂eiz,n

ey0

)

,nr

(
R ∂RT

i
∂eiy,n

ey0

)

,mr

(
R ∂RT

i
∂eiy,m

ey0

)

,mr

(
R ∂RT

i
∂eiz,n

ey0

)

,mr

(
R ∂RT

i
∂eiy,n

ez0

)

,nr

(
R ∂RT

i
∂eiy,m

ez0

)

,nr

(
R ∂RT

i
∂eiz,n

ez0

)

,nr

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where, i = 1, 2.
Note that the subscripts nr and mr denote the nrth and

mrth components of the related vectors, respectively.

A.2 Sub-matrices of ∂T
∂uG

∂T
∂uG

∣
∣
∣
∣
i=i1:i3,j=16:18,k=k1:k3

= s
[

∂R
∂e3y,n

∂R
∂e3y,m

∂R
∂e3z,n

]

where, if i1 : i3 = 1 : 3 and k1 : k3 = 1 : 3, or i1 : i3 = 7 : 9
and k1 : k3 = 7 : 9, then s = 1; if i1 : i3 = 1 : 3 and
k1 : k3 = 13 : 15, or i1 : i3 = 7 : 9 and k1 : k3 = 13 : 15,
then s = −1. The subscripts at the right side of ∂T

∂uG

represent the location of this sub-matrix in ∂T
∂uG

.

∂T
∂uG

∣
∣
∣
∣
i=i1:i3,j=16:18,k=16:18

=

⎡

⎢
⎢
⎢
⎢
⎢
⎣

∂2R
∂e2

3y,n
(dl − d3 + vl0)

∂2R
∂e3y,n∂e3y,m

(dl − d3 + vl0)
∂2R

∂e3y,n∂e3z,n
(dl − d3 + vl0)

∂2R
∂e3y,n∂e3y,m

(dl − d3 + vl0)
∂2R

∂e2
3y,m

(dl − d3 + vl0)
∂2R

∂e3y,m∂e3z,n
(dl − d3 + vl0)

∂2R
∂e3y,n∂e3z,n

(dl − d3 + vl0)
∂2R

∂e3y,m∂e3z,n
(dl − d3 + vk0)

∂2R
∂e2

3z,n
(dl − d3 + vl0)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

where, if l = 1, then i1 : i3 = 1 : 3; if l = 2, then
i1 : i3 = 7 : 9.

∂T
∂uG

∣
∣
∣
∣
i=i1:i3,j=16:18,k=16:18
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where, uGS = {e3y,n, e3y,m, e3z,n
}T, if l = 1, then i1 : i3 =

4 : 6; if l = 2, then i1 : i3 = 10 : 12.
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where, if l = 1, then uGS = {
e1y,n, e1y,m, e1z,n

}T, i1 :
i3 = 4 : 6 and k1 : k3 = 4 : 6; if l = 2, then uGS ={
e2y,n, e2y,m, e2z,n

}T, i1 : i3 = 10 : 12 and k1 : k3 = 10 :
12.
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where, if l = 1, then uGS = {
e1y,n, e1y,m, e1z,n

} T, i1 :

i3 = 4 : 6, j1 : j3 = 4 : 6 and k1 : k3 = 4 : 6; if l = 2,
then uGS = {

e2y,n, e2y,m, e2z,n
} T, i1 : i3 = 10 : 12,

j1 : j3 = 10 : 12 and k1 : k3 = 10 : 12.

References

Bathe KJ, Bolourchi S (1979) Large displacement analysis of
three-dimensional beam structures. Int J Numer Methods Eng
14:961–986

Battini JM, Pacoste C (2002) Co-rotational beam elements with
warping effects in instability problems. Comput Methods Appl
Mech Eng 191:1755–1789

Cardona A, Geradin M (1988) Beam finite element non-linear the-
ory with finite rotations. Int J Numer Methods Eng 26:2403–
2438

Chen H, Blandford GE (1991) Thin-walled space frames. I. Large-
deformation analysis theory. J Struct Eng ASCE 117:2499–
2520

Crisfield MA (1990) Consistent co-rotational formulation for non-
linear, three-dimensional, beam-elements. Comput Methods
Appl Mech Eng 81:131–150

Crisfield MA (1996) Nonlinear finite element analysis of solid and
structures, vol 2. Wiley, Chichester

Crisfield MA, Moita GF (1996) A unified co-rotational framework
for solids, shells and beams. Int J Solids Struct 33:2969–2992

Hsiao KM, Horng HJ, Chen YR (1987) A co-rotational proce-
dure that handles large rotations of spatial beam structures.
Comput Struct 27:769–781

Hsiao KM, Lin WY (2000a) A co-rotational finite element formu-
lation for buckling and postbuckling analyses of spatial beams.
Comput Methods Appl Mech Eng 188:567–594

Hsiao KM, Lin WY (2000b) Co-rotational formulation for thin-
walled beams with monosymmetric open section. Comput
Methods Appl Mech Eng 190:1163–1185

Izzuddin BA (2001) Conceptual issues in geometrically nonlin-
ear analysis of 3D framed structures. Comput methods Appl
Mech Eng 191:1029–1053

Izzuddin BA, LI Z (2004) A co-rotational formulation for large
displacement analysis of curved shell. In: Deeks, Hao (eds)
The 18th Australasian conference on the mechanics of struc-
tures & materials. Taylor & Francis Group, London, pp 1247–
1253

Jiang L, Chernuka MW (1994) Co-rotational formulation for geo-
metrically nonlinear finite element analysis of spatial beams.
Trans Can Soc Mech Eng 18:65–88

Kwak HG, Kim DY, Lee HW (2001) Effect of warping in geomet-
ric nonlinear analysis of spatial beams. J Construct Steel Res
57:729–751

Lee K (1997) Analysis of large displacements and large rotations
of three-dimensional beams by using small strains and unit
vectors. Commun Numer Methods Eng 13:987–997

Li ZX, Izzuddin BA (2005) Application of vectorial rotational
variables in large displacement analysis of structures. In: Shen
ZY, Li GQ, Chan SL (eds) The fourth international conference
on advances in steel structures. Elsevier, Oxford, pp 1501–1506

Lin WY, Hsiao KM (2001) Co-rotational formulation for geomet-
ric nonlinear analysis of doubly symmetric thin-walled beams.
Comput Methods Appl Mech Eng 190:6023–6052

Meek JL, Tan HS (1984) Geometrically nonlinear analysis of space
frames by an incremental iterative technique. Comput Meth-
ods Appl Mech Eng 47:261–282

Misra A, Behdinan K, Cleghorn WL (2000) Implementation of
consistent updated Lagrangian formulation for static analysis
of geometrically nonlinear beam. Trans Can Soc Mech Eng
24:135–142

Pai PF, Anderson TJ, Wheater EA (2000) Large-deformation
tests and total-Lagrangian finite-element analyses of flexible
beams. Int J Solids Struct 37:2951–2980

Schulz M, Filippou FC (2001) Non-linear spatial timoshenko beam
element with curvature interpolation. Int J Numer Methods
Eng 50:761–785

Simo JC (1992) (Symmetric) Hessian for geometrically nonlinear
models in solid mechanics. Intrinsic definition and geometric
interpretation. Comput Methods Appl Mech Eng 96:189–200

Simo JC, Vu-Quoc L (1986a) On the dynamics of flexible beams
under large overall motions – the plane case: part I. J Appl
Mech ASME 53:849–854



322 Comput Mech (2007) 39:309–322

Simo JC, Vu-Quoc L (1986b) On the dynamics of flexible beams
under large overall motions – the plane case: part II. J Appl
Mech ASME 53:855–863

Simo JC, Vu-Quoc L (1986c) A three-dimensional finite-strain rod
model. Part II: computational aspects. Comput Methods Appl
Mech Eng 58:79–116

Simo JC, Vu-Quoc L (1988) On the dynamics in space of rods
undergoing large motions – a geometrically exact approach.
Comput Methods Appl Mech Eng 66:125–161

Simo JC, Vu-Quoc L (1991) A geometrically-exact rod model
incorporating shear and torsion-warping deformation. Int J
Solids Struct 27:371–393

Teh LH, Clarke MJ (1998) Co-rotational and Lagrangian formu-
lations for elastic three-dimensional beam finite elements. J
Construct Steel Res 48:123–144

Teh LH, Clarke MJ (1999) Symmetry of tangent stiffness matrices
of 3D elastic frame. J Eng Mech ASCE 125:248–251

Urthaler Y, Reddy JN (2005) A corotational finite element for-
mulation for the analysis of planar beams. Commun Numer
Methods Eng 21:553–570

Vu-Quoc L, Deng H (1995) Galerkin projection for geometrically
exact sandwich beams allowing for ply drop-off. J Appl Mech
ASME 62:479–488

Vu-Quoc L, Ebcioglu IK (1995) Dynamic formulation for geo-
metrically-exact sandwich beam and 1-plates. J Appl Mech
ASME 62:756–763

Vu-Quoc L, Ebcioglu IK (1996) General multilayer geometri-
cally-exact beams and 1-D plates with piecewise linear sec-
tion deformation. Zeitschrift fuer Angewandte Math Mech
76:391–409

Vu-Quoc L, Simo JC (1987) Dynamics of earth-orbiting flexile
satellites with multibody components. J Guid Control Dyn
10:549–558

Wen RK, Rahimzadeh J (1983) Nonlinear elastic frame analysis
by finite element. J Struct Eng ASCE 109:1951–1971

Yang YB, Shieh MS (1990) Solution method for nonlinear prob-
lems with multiple critical points. AIAA J 28:2110–2116



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


